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The light-matter interaction described by Rabi model and Jaynes-Cummings (JC) model is in-
vestigated by parity breaking as well as the scaling behavior of ground-state population-inversion
expectation. We show that the parity breaking leads to different scaling behaviors in the two models,
where the Rabi model demonstrates scaling invariance, but the JC model behaves in cusp-like way.
Our study helps further understanding rotating-wave approximation and could present more subtle
physics than any other characteristic parameter for the difference between the two models. More
importantly, our results could be straightforwardly applied to the understanding of quantum phase
transitions in spin-boson model. Furthermore, the scaling behavior is observable using currently
available techniques in light-matter interaction.
PACS numbers: 42.50.-p, 03.65.Ge, 03.67.-a
The Rabi model [1] presents an important prototype
for the interaction between a single two-level system
(e.g., a spin) and a quantum bosonic field, which has
been widely applied to almost every subfield of physics,
e.g., the cavity quantum electrodynamics (QED) and
the exciton-photon interaction. Under the rotating-wave
approximation (RWA), the Rabi model is reduced to
the Jaynes-Cummings (JC) model [2] in which counter-
rotating effects are neglected by the assumption of large
detuning and small Rabi frequency. It is generally be-
lieved that the RWA works worse and worse with the
increase of the Rabi frequency [3]. So, in the case of
strong spin-field coupling, the Rabi model, rather than
the JC model, is required. The differences between the
two models have been studied by solving the eigenener-
gies [4, 5], the dynamics [6, 7], the Berry phase [8] and
so on.
Going beyond the interaction between a single spin-1/2
and a single quantum mode, the Rabi model has been ex-
tended to a big-spin (S>1/2) system [9] or many spin-1/2
experiencing a single quantum mode, the latter of which
is called Dicke model [10]. It has been shown that the
RWA introduced in the Hamiltonian of the Dicke model
brings about completely different phenomena from the
non-RWA case in the quantum phase transition [11, 12].
Besides, we may also consider a single spin-1/2 inter-
acting with a multi-mode quantum bosonic field, called
spin-boson model [13, 14], to describe the dissipation of
a single spin under the bosonic bath. The spin-boson
models with and without the RWA demonstrate differ-
ent behaviors in the spin dissipation [15].
We focus in the present work on the scaling behaviors
in the Rabi and JC models, which could present us more
subtle physics and more evident difference than the so-
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lutions of eigenenergies, geometric phases and dynamical
properties. The different scaling behaviors are relevant
to different symmetries and can be understood by par-
ity breaking. Specifically, we show that the scaling in-
variance exists only in the Rabi model. In contrast, the
scaling behavior in JC model behaves much differently
with the change of some characteristic parameters, such
as the detuning. So the difference between the two mod-
els turns to be more evident in the observation of the
scaling behavior because of the significant change of the
symmetries in the two models due to the introduction of
the local bias field. By extending the idea to the multi-
mode case, we may discover the deeper physics hidden
in the quantum phase transitions in spin-boson model.
More importantly, these scaling behaviors are strongly
relevant to the dynamics of the spin, which could be ob-
served in some experimentally available systems, such as
the circuit QED, the trapped ion and the nanomechanical
systems.
We get started from the following Hamiltonian (~ = 1
throughout the work) [16],
Hsb = −∆
2
σx +
ε
2
σz + ωa
†a+ λ(a+ a†)σz , (1)
where ∆ and ε are the tunneling and the local bias field,
respectively, ω and a† (a) are frequency and the cre-
ation (annihilation) operator of the single-mode bosonic
field, and λ is the Rabi frequency. σz,x are the usual
Pauli operators for the spin-1/2 and σx = σ+ + σ− with
σ± = (σx ± iσy)/2. Compared to the standard form of
the Rabi model, Eq. (1) owns an additional term, i.e.,
the local bias, which brings in new and more interesting
physics. As discussed later, Eq. (1) connects directly to
the spin-boson model and to other currently experimen-
tally achieved systems.
Eq. (1) can be diagonalized by displaced coherent
states. The eigenfunction of Hsb has the form [5, 8]
|Ψ˜〉 =
∑
n
(
cn|n〉A
(−1)n+1dn|n〉B
)
,
2where cn and dn are coefficients to be determined later,
|n〉A = e−q
2/2√
n!
(a† + q)ne−qa
† |0〉 and |n〉B = e−q
2/2√
n!
(a† −
q)neqa
† |0〉 are the displaced coherent states with the dis-
placement variable q = λ/ω. The complete eigensolu-
tion of Hsb can be obtained from the Schr
..
odinger equa-
tion (See Appendix A) [17]. We check the ground-state
population-inversion 〈σz〉, which is,
〈σz〉 = (c−0 )2 − (d−0 )2 =
−κ√
κ2 + e−4β
, (2)
where β = q2, κ = ε/∆, and c−0 and d
−
0 are defined in
Appendix A. In contrast to the perturbation solutions
published previously [18], we obtain Eq. (2) by consider-
ing the zeroth-order elements in the diagolization of the
matrix of Eq. (1) [5]. In the present case of very small
∆, this consideration is a very good approximation of the
complete solution to Eq. (1) [19].
We first perform the second derivative of 〈σz〉 with
respect to β, which yields a reflection point βc =
− ln(2κ2)/4 and thereby Eq. (2) is rewritten as
〈σz〉 = −κ√
κ2 + eβ
′ ln(2κ2)
, (3)
under the scaling transformation β′ = β/βc. From
the definition of βc, we require κ 6= 0, i.e., ǫ 6= 0 in
the present calculation. For a fixed value of κ, the
population-inversion 〈σz〉 in Eq. (3) is only relevant to
β
′
, rather than to other characteristic parameters (See
Fig. 1(a)). So βc can be regarded as a scale of the Rabi
model. In addition, if we set β
′
= 1, the population-
inversion 〈σz〉 turns to be a constant −1/
√
3, implying
a fixed crossing point with variation of β
′
. It is more
interesting to demonstrate the scaling behavior of the
population-inversion 〈σz〉 with a displaced scaling β
′′
=
(β − βc)/
√
27. Since 〈σz(β
′′
)〉 = −1/
√
1 + 2e−12
√
3β
′′
,
which is independent of κ under the scaling transforma-
tion, the population-inversion 〈σz〉 with respect to β
′′
,
remains unchanged for different parameters κ, as shown
in Fig. 1(b).
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FIG. 1: (color online) Scaling behavior of the ground-state
population-inversion. (a) As a function of β′ which has a fixed
point; (b) As a function of β′′ which remains unchanged.
It has been generally considered that the scaling invari-
ance is relevant to the critical points of quantum phase
transition in spin-boson model [15]. Despite only for the
interaction between a single spin and a single mode of the
quantized field, the scaling behavior we show here can
discover the physical insight in the fundamental element
of the spin-boson model, which is resulted from the par-
ity breaking regarding the parity operator Π = σxe
iπa†a.
If we denote the case of ǫ = 0 in Eq. (1) by H
′
sb, we
have [H
′
sb,Π] = 0, with the ground state of their com-
mon eigenfunction to be |ψ−0 〉 = − 1√2
( |0〉A
|0〉B
)
satisfying
Π|ψ−0 〉 = |ψ−0 〉, i.e., an even parity state of Π. The even
parity breaks down in the variation from ε = 0 to ǫ 6= 0
because the Hamiltonian Hsb never commutes with the
parity operator Π, i.e., [Hsb,Π] 6= 0. This parity-breaking
case plotted in Fig. 1(a) (except the point β′ = 0)
demonstrates the abrupt variation of 〈σz〉 from 0 to -1 at
κ approaching 0, corresponding to the translation from
spin non-localization (i.e., superposition of the spin-up
and spin-down) to spin localization (i.e., the spin down).
This peculiar scaling behavior is very analogous to the
critical point behavior in quantum phase transition of
the spin-boson model (See Fig. 3 in [15]). More interest-
ingly, this sharp scaling variation induced by the parity
breaking could appear for larger κ (e.g., κ =0.1) under a
scaling displacement (Fig. 1(b)).
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FIG. 2: (color online) (a) The ground-state population-
inversion for Hsb as a function of β
′ with κ = 10−6. (b)
The ground-state population-inversion for Hjc as a function
of β′ for ∆ > 0 (the red solid line with cusp-like scaling behav-
ior) and for negative ∆ (the blue dashed line with no scaling
behavior) with κ = 10−6. (c) The cusp-like scaling behavior
of the ground-state population-inversion for Hjc as a func-
tion of λ/λc with ∆ > 0 for κ = 10
−10 (the black solid line),
κ = 10−6 (the blue dashed-dotted line), κ = 10−2 (the pink
dotted line), and κ = 10−1 (the red dashed line). For con-
venience of comparison between (b) and (c), we label λc in
(b).
To better understand the parity breaking in the Rabi
model, we may consider the same treatment for the JC
3model. In the case of ǫ = 0, the ground-state of the
JC model is usually of certain parity, and experiences
energy level crossing. In the case of ǫ 6= 0, however,
the parity breaks down and level crossing turns to level
avoided-crossing (See Appendix B). But different from
the scaling invariance in the Rabi model, the variation
of 〈σz〉 with respect to β′ behaves with a cusp in the JC
model (See Fig. 2(a) and 2(b) for comparison between
the two models). It implies that the spin is always in non-
localization except the rare cases near the critical point
λc for localization. For κ = 10
−6, we have βc = 6.73,
corresponding to λ = 2.59ω in the Rabi model and to
λ = 0.09ω in the JC model. These are reasonable values
for the parameters in the two models. For a more clarified
demonstration, we plot in Fig. 2(c) 〈σz〉 versus λ/λc,
where λc =
√
ω∆ takes values much smaller than βc. So
we could have a zooming-in picture for the variation of
〈σz〉, which shows strong relevance to κ. The cusp-like
behavior is evidently induced by the parity breaking (i.e.,
for κ very close to zero).
The results above remind us of the role the counter-
rotating terms playing in the light-matter interaction.
For the parity operator Π with respect to Hsb, we have
Π′ = U †ΠU = −σzeiπa†a for Hjc where U is defined
in [16]. If we neglect the terms regarding ǫ, we have
[Π, H ′sb] = 0 and [Π
′, Hrjc] = 0. But this does not mean
that the counter-rotating terms have no extra influence
on the symmetry in the Rabi model compared to the JC
model. First, in the case of ǫ = 0, the ground-state of
the JC model (for ∆ >0) experiences a translation from
the even parity to the odd in the increase of the coupling
λ, but the ground-state of the Rabi model only stays
in the even parity. This could be understood physically
from whether the energy level crossing happens or not.
But the deeper physics is the different parity behaviors
in both models, which yield different dynamics [7]. Sec-
ond, for ǫ 6= 0, only energy avoided-crossing occurs in
either of the models (See Appendix B). We may discern
the two models by scaling behaviors around the critical
point of the parity breaking, which presents the differ-
ence between the two models more evidently than other
quantities [4, 5, 8]. This idea can be straightforwardly ex-
tended to the spin-boson model: The difference between
the quantum phase transitions with and without RWA
should be relevant to different critical behaviors around
the parity breaking points.
Eq. (1) can be generated in various systems. Since 〈σz〉
is observable experimentally, we may demonstrate the
scaling behaviors using currently available techniques.
We first check the circuit QED system with a supercon-
ducting qubit strongly coupled to a microwave resonator
mode via external driving, which can be described by [20–
22] Hqed =
ωq
2 σz+ωbb
†b+G(bσ++ b†σ−)+Ω1(eiω1tσ−+
e−iω1tσ+) − Ω2(eiω2tσ− + e−iω2tσ+), where ωq and ωb
are, respectively, the qubit and microwave photon fre-
quencies with G the qubit-photon coupling strength. b
(b†) stands for the annihilation (creation) operator of the
microwave photon. σz,± are usual Pauli operators for the
superconducting qubit. Ωj and ωj are the amplitude and
frequency of the jth driving field (j =1, 2). We assume
Ω1 ≫ Ω2, G and in the rotating frame first with the
driving field ω1 and then with a large frequency Ω3 com-
parable to Ω1, we may obtain an effective Hamiltonian
by setting Ω3 = (ω1 − ω2)/2 and neglecting fast oscillat-
ing terms, Heff =
Ω2
2 σz +
(Ω1−Ω3)
2 σx + (ωb − ω1)b†b +
G
2 (b + b
†)σx, which can be used to simulate the Rabi
model and JC model by tuning the characteristic pa-
rameters. For the Rabi model, to meet the condition
Ω2 ≪ (ωb − ω1) ∼ G/2, we can adopt following experi-
mental parameters as ωq = 2π×6.02 GHz, ωb = 2π×6.02
GHz, ω1 = 2π × 6 GHz, ω2 = 2π × 4 GHz, and a tun-
able G > 2π × 40 MHz. Besides, we may assume the
driving fields with the amplitudes Ω3 = 2π × 1 GHz and
Ω2 = 2π × 0.4 MHz. (Ω1 − Ω3) can change from zero
to 2π×20 kHz, which are realistic values using state-of-
the-art circuit-QED technology [23, 24]. While for JC
model, the result can be obtained by reducing the cou-
pling strength to G < 2π × 4 MHz and remaining other
parameters unchanged.
Similarly, Eq. (1) can also be implemented by a di-
amond nitrogen-vacancy center (i.e., a single spin) cou-
pled by a nanomechanical resonator [25], in which the
strong coupling due to magnetic field gradient from the
tip of the resonator can be of the order of hundreds of
kHz [26]. Under a driving on the spin, we may have in
the rotating frame with respect to the driving frequency
Hnv = (Ω
′/2)σx+(∆′/2)σz+ωma†a+λ′(a†+a)σz with ∆′
the detuning of the two-level resonance frequency to the
the driving frequency, a†(a) for the vibration of the res-
onator with frequency ωm, and λ
′ and Ω′ being, respec-
tively, the magnetic coupling and the driving strength.
By tuning the driving strength and the driving frequency,
we may simulate the Rabi model (with Ω′ ≪ ωm ∼ λ′)
and the JC model (with ωm ≫ λ′) from Hnv as our will.
Simply speaking, once the strong coupling between the
spin and the quantum field is achieved, the two mod-
els can be generated from Eq. (1) by balancing the
vibrational frequency and the spin-field coupling. In
this sense, we may also consider a single trapped ultra-
cold ion experiencing irradiation of traveling lasers. Un-
der some unitary transformations [27], we have Hion =
−(Ω˜/2)σx+ ǫ˜σz+ ν˜a†a+ g˜(a†+ a)σz [28], where σx,z are
the usual Pauli operators for two internal levels of the
ion, a†(a) is for the vibration of the ion, Ω˜ and ν˜ are the
Rabi frequency and the trap frequency, ǫ˜ is relevant to
detuning and g˜ = ν˜η/2 with the Lamb-Dicke parameter
η. Since Hion works for any value of η, we may have
Ω˜≪ ν˜ ≈ g˜ by using weak laser irradiation and deep trap
potential, which is for the Rabi model, and have ν˜ ≫ g˜
by restricting the ion within Lamb-Dicke regime, corre-
sponding to the JC model. The typical trap frequency
ν˜ varies from hundreds of kHz to several MHz and Rabi
frequency Ω˜ is adjustable by laser irradiation (up to hun-
dreds of kHz) [29].
In conclusion, we have investigated the scaling behav-
iors of ground-state population-inversion in light-matter
4interaction, which is relevant to the parity breaking. The
different scaling behaviors can be used to not only iden-
tify the difference between the Rabi model and the JC
model, but also demonstrate the change of the symme-
try in the system. We have also discussed the experi-
mental feasibility of our study in different systems using
currently available technology. The present idea could
be straightforwardly extended to the study of spin-boson
model for possible quantum phase transitions induced by
the parity breaking.
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APPENDIX
A. Our eigensolution to the Rabi model
Taking |Ψ˜〉 into the Schr..odinger equa-
tion of Hsb, we obtain a set of equations
[ω(m − q2) + ǫ2 ]cm + ∆2
∑
n dnDm,n = Ecm and
[ω(m − q2) − ǫ2 ]dm + ∆2
∑
n cnDm,n = Edm, with
Dm,n = e
−2q2∑min[m,n]
k=0 (−1)−k
√
m!n!(2q)m+n−2k
(m−k)!(n−k)!k! [5, 8, 27].
In our case with the condition ∆/ω ≪ 1, the terms
of Dm,n with m 6= n play negligible roles in the
equations compared to other terms with m = n. So
the equations above can be simplified to the case
remaining the terms of m = n, which yields fol-
lowing analytical solutions, that is, the eigenenergies
E±m = ω(m−q2)±
√
ǫ2 +∆2D2m,m/2, and the coefficients
c±m = µ
±
m/
√
1 + (µ±m)2 and d±m = 1/
√
1 + (µ±m)2 with
µ±m = [ǫ±
√
ǫ2 +∆2D2m,m]/(∆Dm,m). The eigenfunction
of the ground-state is |ψ−0 〉 = −
( |0〉A
|0〉B
)
/
√
2 since E−0
is smaller than E+0 .
B. Avoided-crossing around the critical points
of parity breaking
In JC model, there are level crossings in the ground
state with the excited states in different parities. So
a level crossing means the change of the parity in the
ground state. In contrast, there are only avoided-
crossings of levels in Rabi model, which yield unchanged
parity. So the RWA effect can be reflected from the
parity change. In our present work, however, due to
the introduction of the additional term regarding ǫ/2,
no level crossing exists anymore in the JC model, but
only avoided-crossings, as shown in Fig. 3. So we may
consider other characteristic properties, such as scaling
behavior, for understanding the effect of the RWA. Our
results show that the scaling behavior can present more
evident difference than any other characteristic parame-
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FIG. 3: (color online) Eiegenenergies and fidelity suscepti-
bility SF . (a) for JC model with the additional term ǫ/2,
no level crossing appears and sudden change in fidelity sus-
ceptibility occurs around λ = λc; (b) for Rabi model with
the additional term ǫ/2, no level crossing appear and sudden
change in fidelity susceptibility occurs around β′ = 1.
ters used previously. More interestingly, we see in Fig.
3 the sudden change occurring in the fidelity suscepti-
bility (SF ) [30] around the critical point of the parity
breaking, which also happens in the spin-boson model
around the critical point of quantum phase transition
[31]. This implies that the deeper physics for quantum
phase transition in the multi-mode case might be also
due to the parity breaking. The fidelity susceptibility
is defined by SF (λ1) =
∑
n6=0
|〈φn(λ1)|H1|φ0(λ1)〉|2
[En(λ1)−E0(λ1)]2 , where
H = H0 + λ1H1 with λ1 the order parameter, H is the
hamiltonian under our consideration. φk and Ek are kth
eigenstate and the corresponding eigenenergy. In our
treatment, we take spin-field interaction as H1.
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